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Abstract
In this paper we compute the center of many noncommutative algebras that can be interpreted as
skew PBW extensions. We show that, under some natural assumptions on the parameters that define
the extension, either the center is trivial, or, it is of polynomial type. As an application, we provided
new examples of noncommutative algebras that are cancellative.
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1 Introduction
The center and the centralizers are natural commutative subalgebras that play an important role in
representation theory and in the general theory of rings and algebras. Recently these subalgebras were
used by Bell and Zhang to investigate the Zariski Cancellation Problem (ZCP) for noncommutative
algebras ([8]); some other authors have also studied related questions as the automorphism problem and
the Dixmier conjecture applying the description of the center (see [6], [15], [25], [29]). The center of many
algebras coming from mathematical physics has been computed in the last years, among the examples are:
The Weyl algebra, the quantum Weyl algebra of Maltsiniotis, the quantized Weyl algebra AQ,Γn (K), the
quantum symplectic space Oq(sp(K2n)), some universal enveloping algebras of Lie algebras, the Jordan
plane, the quantum plane (see [12], [19], [24], [28], [29], [31]).
In this paper we will compute the center and some central elements for a wide family of algebras and
rings that can be interpreted as skew PBW extensions. The skew PBW extensions were introduced by
Lezama and Gallego in [20] and represent a generalization of PBW (Poincare´-Birkhoff-Witt) extensions
defined by Bell and Goodearl ([7]). In addition to the examples mentioned above, some other prominent
algebras that can be covered by the skew PBW extensions are: The algebra of q-differential operators,
the algebra of shift operators, the algebra of linear partial q-differential operators, skew polynomial
rings of derivation type and Ore extension of derivation type, the additive and multiplicative analogues
of the Weyl algebra, the quantum algebra U ′(so(3,K)), the 3-dimensional skew polynomial algebra, the
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dispin algebra, the Woronowicz algebra, the q-Heisenberg algebra, the Witten’s deformation of U(sl(2,K),
algebras diffusion type, some quadratic algebras.
The technique that we use in this paper for computing the center is very simple: We interpret the
algebras as skew PBW extensions (when this apply) and we use the parameters and relations that define
the extension (Definition 1.4), then, taking an element f of the center of the algebra we deduce some
formulae from the basic equation xif = fxi, where xi is any of the variables that define the extension.
From these formulae we compute either the center, or, some central key subalgebras when the description
of the center is not completely determined.
The paper is organized as follows: In the first section we recall the definition of the skew PBW
extensions, and we present some of its basic properties used in the computations involved in the paper;
moreover, we review some examples of skew PBW extensions whose center is well-known in the literature.
In Section 2 we describe the center of some general subclasses of skew PBW extensions, grouped according
to some conditions imposed to the parameters that define the extension. The computation of the center
for the algebras covered in this section probably is new. In Section 3 we consider the center of other
particular examples of skew PBW not included in the subclasses of the second section. The results here
are probably new too. In the last section we summarize the results of the two previous sections and, the
most important thing, we apply these results to give new examples of noncommutative algebras that are
cancellative in the sense of the Zariski problem. In this paper, K denotes a field with char(K) = 0.
1.1 Definition and basic properties of skew PBW extensions
Definition 1.1 ([20]). Let R and A be rings. We say that A is a skew PBW extension of R (also called
a σ − PBW extension of R) if the following conditions hold:
(i) R ⊆ A.
(ii) There exist finitely many elements x1, . . . , xn ∈ A such A is a left R-free module with basis
Mon(A) := {xα = xα11 · · ·xαnn | α = (α1, . . . , αn) ∈ Nn}, with N := {0, 1, 2, . . .}.
The set Mon(A) is called the set of standard monomials of A.
(iii) For every 1 ≤ i ≤ n and r ∈ R− {0} there exists ci,r ∈ R− {0} such that
xir − ci,rxi ∈ R. (1.1)
(iv) For every 1 ≤ i, j ≤ n there exists ci,j ∈ R − {0} such that
xjxi − ci,jxixj ∈ R+Rx1 + · · ·+Rxn. (1.2)
Under these conditions we will write A := σ(R)〈x1, . . . , xn〉.
Associated to a skew PBW extension A = σ(R)〈x1, . . . , xn〉, there are n injective endomorphisms
σ1, . . . , σn of R and σi-derivations, as the following proposition shows.
Proposition 1.2. Let A be a skew PBW extension of R. Then, for every 1 ≤ i ≤ n, there exist an
injective ring endomorphism σi : R→ R and a σi-derivation δi : R→ R such that
xir = σi(r)xi + δi(r),
for each r ∈ R.
Proof. See [20], Proposition 3.
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A particular case of skew PBW extension is when all derivations δi are zero. Another interesting case
is when all σi are bijective and the constants cij are invertible. We recall the following definitions.
Definition 1.3. Let A be a skew PBW extension.
(a) A is quasi-commutative if the conditions (iii) and (iv) in Definition 1.1 are replaced by
(iii’) For every 1 ≤ i ≤ n and r ∈ R− {0} there exists ci,r ∈ R− {0} such that
xir = ci,rxi. (1.3)
(iv’) For every 1 ≤ i, j ≤ n there exists ci,j ∈ R− {0} such that
xjxi = ci,jxixj . (1.4)
(b) A is bijective if σi is bijective for every 1 ≤ i ≤ n and ci,j is invertible for any 1 ≤ i, j ≤ n.
(c) A is constant if for every 1 ≤ i ≤ n and r ∈ R,
xir = rxi, (1.5)
i.e., σi = iR and δi = 0 for every 1 ≤ i ≤ n.
If A = σ(R)〈x1, . . . , xn〉 is a skew PBW extension of the ring R, then, as was observed in Proposition
1.2, A induces injective endomorphisms σk : R→ R and σk-derivations δk : R→ R, 1 ≤ k ≤ n. Moreover,
from the Definition 1.1, there exists a unique finite set of constants cij , dij , a
(k)
ij ∈ R, cij 6= 0, such that
xjxi = cijxixj + a
(1)
ij x1 + · · ·+ a(n)ij xn + dij , for every 1 ≤ i < j ≤ n. (1.6)
Definition 1.4. Let A = σ(R)〈x1, . . . , xn〉 be a skew PBW extension. R, n, σk, δk, cij, dij , a(k)ij , with
1 ≤ i < j ≤ n, 1 ≤ k ≤ n, defined as before, are called the parameters of A.
Definition 1.5. Let A be a skew PBW extension of R.
(i) For α = (α1, . . . , αn) ∈ Nn, |α| := α1 + · · ·+ αn.
(ii) For X = xα ∈Mon(A), exp(X) := α and deg(X) := |α|.
(iii) Let 0 6= f ∈ A, t(f) is the finite set of terms that conform f , i.e., if f = c1X1 + · · · + ctXt, with
Xi ∈Mon(A) and ci ∈ R− {0}, then t(f) := {c1X1, . . . , ctXt}.
(iv) Let f be as in (iii), then deg(f) := max{deg(Xi)}ti=1.
The next result is an important property of skew PBW extensions that will be used later.
Theorem 1.6 ([21]). Let A be an arbitrary skew PBW extension of the ring R. Then, A is a filtered
ring with filtration given by
Fm :=
{
R, if m = 0
{f ∈ A|deg(f) ≤ m}, if m ≥ 1,
and the graded ring Gr(A) is a quasi-commutative skew PBW extension of R. If the parameters that
define A are as in Definition 1.4, then the parameters that define Gr(A) are R, n, σk, cij, with 1 ≤ i <
j ≤ n, 1 ≤ k ≤ n. Moreover, if A is bijective, then Gr(A) is bijective.
Remark 1.7. Additionally in this paper we will assume that if A = σ(R)〈x1, . . . , xn〉 is a skew PBW
extension, then R is K-algebra such that σi(k) = k and δi(k) = 0 for every k ∈ K and 1 ≤ i ≤ n.
Therefore, A is also a K-algebra. In particular, if R = K, then A is constant.
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1.2 Examples
In this subsection we review some examples of skew PBW extensions whose center has been computed
before in the literature. For more details about the precise definition of the next algebras and its homo-
logical properties see [21] and [26]. Recall that K is a field with char(K) = 0.
Example 1.8 (PBW extensions). Any PBW extension (see [7]) is a bijective skew PBW extension
since in this case σi = iR for each 1 ≤ i ≤ n, and ci,j = 1 for every 1 ≤ i, j ≤ n. Thus, for PBW
extensions we have A = i(R)〈x1, . . . , xn〉. Some examples of PBW extensions are the following:
(a) The usual polynomial algebra A = K[t1, . . . , tn], titj = tjti, so Z(A) = K[t1, . . . , tn].
(b) The Weyl algebra An(K) := K[t1, . . . , tn][x1; ∂/∂t1] · · · [xn; ∂/∂tn]. The extended Weyl algebra
Bn(K) := K(t1, . . . , tn)[x1; ∂/∂t1] · · · [xn; ∂/∂tn], where K(t1, . . . , tn) is the field of fractions of
K[t1, . . . , tn]. It is known that Z(An(K)) = K = Z(Bn(K)) (see [14]).
(c) The universal enveloping algebra of a finite dimensional Lie algebra U(G). In this case, xir−rxi = 0
and xixj − xjxi = [xi, xj ] ∈ G = K +Kx1+ · · ·+Kxn, for any r ∈ K and 1 ≤ i, j ≤ n. The center
of some of these algebras was studied in [19] and [24]:
• The universal enveloping algebra U(sl(2,K)) of the Lie algebra sl(2,K) is the K−algebra
generated by the variables x, y, z subject to the relations
[x, y] = z, [x, z] = −2x, [y, z] = 2y.
Then Z(U(sl(2,K))) = K[4xy + z2 − 2z].
• U(so(3,K)) is the K−algebra generated by the variables x, y, z subject to the relations
[x, y] = z, [x, z] = −y, [y, z] = x.
So, Z(U(so(3,K))) = K[x2 + y2 + z2].
• Let G be a three-dimensional completely solvable Lie algebra with basis x, y, z such that
[y, x] = q1y, [z, x] = q2z, [z, y] = 0.
Then, if either q1, q2 ∈ K − Q, or, q1, q2 ∈ Q and q1q2 > 0, then Z(U(G)) = K. If q1, q2 ∈ Q
and q1q2 < 0 then Z(U(G)) ) K.
Example 1.9 (Ore extensions of bijective type). Any skew polynomial ring R[x;σ, δ] of bijective
type, i.e., with σ bijective, is a bijective skew PBW extension. In this case we have R[x;σ, δ] ∼= σ(R)〈x〉.
If additionally δ = 0, then R[x;σ] is quasi-commutative. More generally, let R[x1;σ1, δ1] · · · [xn;σn, δn]
be an iterated skew polynomial ring of bijective type, i.e., the following conditions hold:
• for 1 ≤ i ≤ n, σi is bijective;
• for every r ∈ R and 1 ≤ i ≤ n, σi(r) ∈ R, δi(r) ∈ R;
• for i < j, σj(xi) = cxi + d, with c, d ∈ R and c has a left inverse;
• for i < j, δj(xi) ∈ R+Rx1 + · · ·+Rxn,
then R[x1;σ1, δ1] · · · [xn;σn, δn] is a bijective skew PBW extension. Under those conditions we have
R[x1;σ1, δ1] · · · [xn;σn, δn] ∼= σ(R)〈x1, . . . , xn〉.
Some concrete examples of Ore algebras of bijective type are the following:
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(a) The algebra of q-differential operators Dq,h[x, y]: Let q, h ∈ K, q 6= 0; consider K[y][x;σ, δ], σ(y) :=
qy and δ(y) := h. By definition of skew polynomial ring we have xy = σ(y)x+ δ(y) = qyx+ h, and
hence xy − qyx = h. Therefore, Dq,h ∼= σ(K[y])〈x〉. Then, Z(Dq,h) = K if q is not a root of unity,
and Z(Dq,h) = K[x
n, yn] if q is a primitive n-th root of unity (see [12]).
(b) The algebra of shift operators Sh: Let h ∈ K. The algebra of shift operators is defined by Sh :=
K[t][xh;σh, δh], where σh(p(t)) := p(t− h), and δh := 0. Thus, Sh ∼= σ(K[t])〈xh〉 and it is easy to
check that Z(Sh) = K (see also [18]).
(c) The mixed algebra Dh: Let h ∈ K. The algebra Dh is defined by Dh := K[t][x; iK[t], ddt ][xh;σh, δh],
where σh(x) := x. Then Dh ∼= σ(K[t])〈x, xh〉 and Z(Dh) = K ([18]).
Example 1.10 (Quantum algebras). Some important examples of quantum algebras are the following:
(a) Quantum algebra U ′(so(3,K)). It is the K-algebra generated by I1, I2, I3 subject to relations
I2I1 − qI1I2 = −q1/2I3, I3I1 − q−1I1I3 = q−1/2I2, I3I2 − qI2I3 = −q1/2I1,
where q ∈ K − {0}. Then, U ′(so(3,K)) ∼= σ(K)〈I1, I2, I3〉 and it is known that Z(U ′(so(3,K))) =
K[−q1/2(q2−1)I1I2I3+q2I21 +I22 +q2I23 ] for q generic, and if q is a root of unity, Z(U ′(so(3,K))) =
K[−q1/2(q2−1)I1I2I3+q2I21 +I22 +q2I23 , C1n, C2n, C3n], where Ckn = 2Tp(Ik(q−q−1)/2) for k = 1, 2, 3
and Tp(x) is a Chebyshev polynomial of the first kind ([19]).
(b) Quantum enveloping algebra of sl(2,K). Uq(sl(2,K)) is defined as the algebra generated by
x, y, z, z−1 with relations
zz−1 = z−1z = 1, xz = q−2zx, yz = q2zy, xy − yx = z − z
−1
q − q−1 ,
where q 6= 1,−1. The above relations show that Uq(sl(2,K)) = σ(K[z, z−1])〈x, y〉. Then for q
generic, its center is generated by the Casimir element C2 = (q
2− 1)2xy+ qz+ q3z−1, and if qn = 1
for some n ≥ 2, then Z(sl(2,K)) = K[C2, xn, yn, zn, z−n] ([19]).
(c) Quantum symplectic space Oq(sp(K2n)). It is the algebra generated by x1, . . . , x2n, satisfying the
following relations:
xjxi = qxixj , i < j, i
′ 6= j, xi′xi = q2xixi′ + (q2 − 1)
∑
1≤k<i
qi−kxkxk′ , i < i
′,
where i′ = 2n − i + 1 for 1 ≤ i ≤ 2n. From the relations above we have that Oq(sp(K2n)) is
isomorphic to a bijective skew PBW extension,
Oq(sp(K2n)) ∼= σ(σ(· · · σ(σ(K)〈x1, x2n〉)〈x2, x2n−1〉) · · · )〈xn, xn+1〉.
In [31] Zhang studied the irreducible representations of Oq(sp(K2n)), where the main step is the
computation of the center, thus in Theorem 4.3 therein is proved that if m is an odd positive integer
and if q is a primitive m−th root of unity, then the center is generated by xmi for all i = 1, 2, . . . , 2n.
However, by Lemma 4.2 in [31], xmi are central elements if q is a mth root of unity, and it is possible
to show from their relations that if q is generic then Z(Oq(sp(K2n))) = K.
(d) Quantum Weyl algebra of Maltsiniotis Aq,λn . Let q = [qij ] be a matrix over K such that qijqji = 1
and qii = 1 for all 1 ≤ i, j ≤ n. Fix an element λ := (λ1, . . . , λn) of (K∗)n. By definition, this
algebra is generated by xi, yj , 1 ≤ i, j ≤ n subject to the following relations: For any 1 ≤ i < j ≤ n,
xixj = λiqijxjxi, yiyj = qijyjyi, xiyj = qjiyjxi, yixj = λ
−1
i qjixjyi. And for any 1 ≤ i ≤ n,
xiyi −λiyixi = 1+
∑
1≤j<i(λj − 1)yjxj . From these relations we have that Aq,λn is isomorphic (see
[21]) to a bijective skew PBW extension
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Aq,λn
∼= σ(σ(· · · σ(σ(K)〈x1, y1〉)〈x2, y2〉) · · · )〈xn−1, yn−1〉)〈xn, yn〉.
If none of λi is a root of unity, the quantum Weyl algebra of Maltisiniotis has trivial center K ([29],
Theorem 1.4).
(e) Multiparameter quantized Weyl algebra AQ,Γn (K). Let Q := [q1, . . . , qn] be a vector in K
n with
no zero components, and let Γ = [γij ] be a multiplicatively antisymmetric n × n matrix over
K. The multiparameter Weyl algebra AQ,Γn (K) is defined to be the algebra generated by K and
the indeterminates y1, . . . , yn, x1, . . . , xn subject to the relations: yiyj = γijyjyi, 1 ≤ i, j ≤ n,
xixj = qiγijxjxi, xiyj = γjiyjxi, 1 ≤ i < j ≤ n, xiyj = qjγjiyjxi, 1 ≤ j < i ≤ n, xjyj =
qjyjxj + 1 +
∑
l<j(ql − 1)ylxl, 1 ≤ j ≤ n. From these we have that AQ,Γn (K) is isomorphic to a
bijective skew PBW extension,
AQ,Γn (K)
∼= σ(σ(· · · σ(σ(K)〈x1, y1〉)〈x2, y2〉) · · · )〈xn−1, yn−1〉)〈xn, yn〉.
In [29] was studied the multiparameter quantized Weyl algebra of “symmetric type”, where the
relations are:
yiyj =γijyjyi, xixj = γijxjxi, 1 ≤ i < j ≤ n,
xiyj =γjiyjxi, xiyj = γjiyjxi, 1 ≤ j < i ≤ n,
xjyj =qjyjxj + 1 1 ≤ j ≤ n.
If none of qi is a root of unity, then this algebra has a trivial center K ([29], Corollary 1.1).
(f) n−multiparametric skew quantum space over R. Let R be a ring with a fixed matrix of parameters
q := [qij ] ∈Mn(R), n ≥ 2, such that qii = 1 = qijqji for every 1 ≤ i, j ≤ n, and suppose also that it
is given a system σ1, . . . , σn of automorphisms of R. The quasi-commutative bijective skew PBW
extension Rq,σ[x1, . . . , sn] defined by
xjxi = qijxixj , xir = σi(r)xi, r ∈ R, 1 ≤ i, j ≤ n,
is called the n−multiparametric skew quantum space over R. When all automorphisms of the
extension are trivial, i.e., σi = iR, 1 ≤ i ≤ n, it is called n−multiparametric quantum space over R.
If R = K is a field, then Kq,σ[x1, . . . , xn] is called the n−multiparametric skew quantum space, and
the case particular case when n = 2 it is called skew quantum plane; for trivial automorphisms we
have the n−multiparametric quantum space and the quantum plane (see [21]).
Shirikov studied the center of the quantum plane; if q is not a root of unity, then its center is K,
if q is a root of unity of the degree m, m ∈ N, then the center is the subalgebra generated by xm,
ym ([28], Theorem 2.2). A more general case was studied extensively in [12] assuming that K is
a commutative domain and the parameters are roots of the unity, so if qij = exp(2pi
√−1kij/dij),
where dij := o(qij) < ∞, |kij | < dij , and mcd(kij , dij) = 1, then if Li := lcm{dij | j = 1, . . . , n}
and P := K[xL11 , . . . , x
Ln
n ], the center Z(Kq[x1, . . . , xn]) = P if and only if Z(Kq[x1, . . . , xn]) is a
polynomial ring ([12], Lemma 4.3).
Example 1.11. The Jordan plane is the K−algebra defined by J = K{x, y}/〈yx − xy − x2〉; it is a
skew PBW extension of K[x]. In fact, J = σ(K[x])〈y〉, with multiplication given by yx = xy−x2. Then
Z(J ) = K (if char(K) = p > 0, then Z(J ) is the subalgebra generated by xp, yp, Theorem 2.2 in [28]).
2 New computations of centers of noncommutative algebras
In this section we consider some other algebras that can be described as skew PBW extensions and for
which the computation of the center probably has not been done before in the literature. We classify
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these algebras according to the parameters that define the extension. Our computations produce two
groups: Algebras with trivial center and algebras with polynomial center.
We start with extensions of two variables. Let A be theK-algebra generated by x, y subject to relation
yx = q1xy + q2x+ q3y + q4, (2.1)
with qi ∈ K, i = 1, 2, 3, 4 and q1 6= 0. Note that A is a skew PBW extension of K with trivial
endomorphisms and derivations (see Remark 1.7).
Lemma 2.1. For n ≥ 2, in A the following rules hold:
1.
yxn =
n∑
j=0
(
n
j
)
qn−j1 q
j
3x
n−jy + q2
(
n−1∑
i=0
qi1
)
xn +
[
q4
(
n−1∑
i=0
qi1
)
+ q2q3
(
n−2∑
i=0
(
i+ 1
1
)
qi1
)]
xn−1+
· · ·+
[
qj−13 q4
(
n−j∑
i=0
(
i+ j − 1
j − 1
)
qi1
)
+ q2q
j
3
(
n−j−1∑
i=0
(
i+ j
j
)
qi1
)]
xn−j .
2.
ynx =
n∑
j=0
(
n
j
)
qn−j1 q
j
2xy
n−j + q3
(
n−1∑
i=0
qii
)
yn +
[
q4
(
n−1∑
i=0
qi1
)
+ q2q3
(
n−2∑
i=0
(
n+ 1
1
)
qi1
)]
yn−1+
· · ·+
[
qj−12 q4
(
n−j∑
i=0
(
i+ j − 1
j − 1
)
qi1
)
+ qj2q3
(
n−j−1∑
i=0
(
i+ j
j
)
qi1
)]
yn−j .
Proof. We proceed by induction on n. For n = 2 the equalities hold trivially. Then we assume the
formulae for n and we will prove them for n + 1. To simplify, we can write the product as yxn =
(bnx
n + · · ·+ b1x+ b0)y + (anxn + · · ·+ a1x+ a0), where bn−j =
(
n
j
)
qn−j1 q
j
3 , an = q2
∑n−1
i=0 q
i
1 , an−1 =
q4
(∑n−1
i=0 q
i
1
)
+ q2q3
(∑n−2
i=0
(
i+1
1
)
qi1
)
, and an−j = q
j−1
3 q4
(∑n−j
i=0
(
i+j−1
j−1
)
qi1
)
+ q2q
j
3
(∑n−j−1
i=0
(
i+j
j
)
qi1
)
.
Then,
yxn+1 =(yxn)x
=(bnx
n + · · ·+ b1x+ b0)yx+ (anxn+1 + · · ·+ a1x2 + a0x)
=(bnx
n + · · ·+ b1x+ b0)(q1xy + q2x+ q3y + q4) + (anxn+1 + · · ·+ a1x2 + a0x)
=
[
bnq1x
n+1 + (bn−1q1 + bnq3)x
n + · · ·+ (bn−jq1 + bn+1−jq3)xn+1−j + · · ·+ b0q3
]
y + (an + bnq2)
xn+1 + (an−1 + bn−1q2 + bnq4)x
n + · · ·+ (an−j + bn−jq2 + bn+1−jq4)xn+1−j + · · ·+ b0q4.
Now we compare coefficients: For xn+1−jy, bn−jq1 + bn+1−jq3 =
(
n
j
)
qn−j1 q
j
3q1 +
(
n
j−1
)
q
n−(j−1)
1 q
j−1
3 q3 =[(
n
j
)
+
(
n
j−1
)]
qn+1−j1 q
j
3 =
(
n+1
j
)
qn+1−j1 q
j
3 is the coefficient of x
n+1−jy in the expansion of yxn+1. For
xn+1−j we have: an−j + bn−jq2 + bn+1−jq4 = q
j−1
3 q4
(∑n−j
i=0
(
i+j−1
j−1
)
qi1
)
+ q2q
j
3
(∑n−j−1
i=0
(
i+j
j
)
qi1
)
+(
n
j
)
qn−j1 q
j
3q2 +
(
n
j−1
)
q
n−(j−1)
1 q
j−1
3 q4 = q
j−1
3 q4
(∑n+1−j
i=0
(
i+j−1
j−1
)
qi1
)
+ q2q
j
3
(∑n−j
i=0
(
i+j
j
)
qi1
)
. Similarly for
xn+1 y xn. So,
yxn+1 =
n+1∑
j=0
(
n+ 1
j
)
qn+1−j1 q
j
3x
n+1−jy + q2(
n∑
i=0
qi1)x
n+1 +
[
q4
(
n∑
i=0
qi1
)
+ q2q3
(
n−1∑
i=0
(
i+ 1
1
)
qi1
)]
xn+
· · ·+
[
qj−13 q4
(
n+1−j∑
i=0
(
i+ j − 1
j − 1
)
qi1
)
+ q2q
j
3
(
n−j∑
i=0
(
i+ j
j
)
qi1
)]
xn+1−j .
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This completes the proof of the first equality. The second equality can be proved similarly.
In particular, if q2 = q3 = 0, then
yxn =qn1 x
ny + q4
(
n−1∑
i=0
qi1
)
xn−1,
ynx =qn1 xy
n + q4
(
n−1∑
i=0
qi1
)
yn−1.
Theorem 2.2. Let A = σ(K)〈x, y〉 be the skew PBW extension of K defined as in (2.1).
(i) If q2 = q3 = 0, then
Z(A) =
{
K if q1 is not a root of unity, or, q1 = 1 and q4 6= 0;
K[xn, yn] if q1 is a root of unity of degree n ≥ 2.
(ii) If q2 6= 0, or, q3 6= 0, then
Z(A) =


K if q1 is not a root of unity, or, q1 = 1;
K[f(x), g(y)] if q1 is a root of unity of degree n ≥ 2,
with deg(f) = deg(g) = n.
Proof. (i) It is clear that K ⊆ Z(A); let f =∑ti=1 cixαi1yαi2 ∈ Z(A), with ci ∈ K. Since xf = fx, then∑t
i=1 cix
αi1+1yαi2 =
∑t
i=1 cix
αi1yαi2x =
∑t
i=1 ciq
αi2
1 x
αi1+1yαi2 +
∑t
i=1 ciq4
(∑αi2−1
j=0 q
j
1
)
xαi1yαi2−1.
From this we get that ci = ciq
αi2
1 and
∑t
i=1 ciq4
(∑αi2−1
j=0 q
j
1
)
xαi1yαi2−1 = 0, so:
1. If q1 is not a root of unity, then αi2 = 0, thus f =
∑t
i=1 cix
αi1 , but fy = yf , then
t∑
i=1
cix
αi1y =
t∑
i=1
ciq
αi1
1 x
αi1y +
t∑
i=1
ciq4
(
αi1−1∑
k=0
qk1
)
xk−1,
whence ci = ciq
αi1
1 , and this is valid if i = 0, so f = c0 ∈ K. Therefore, Z(A) ⊆ K ⊆ Z(A).
2. If q1 is a root of unity of degree n ≥ 2, ci = ciqαi21 implies that αi2 = nl with l ∈ N, also∑ln−1
i=0 q
i
1 = 0, so f =
∑t
i=1,l≥0 ci,lx
iynl. But fy = yf , then
t∑
i=1
cilx
αi1ynl+1 =
t∑
i=1
cilq
i
1x
αi1ynl+1 +
t∑
i=0
cilq4
(
αi1−1∑
k=0
qk1
)
xk−1ynl.
Now, cil = cilq
i
1, thus i = nr, with r ∈ N, in this case
∑nr−1
i=0 q
i
1 = 0, and hence f =
∑
crl(x
n)r(yn)l,
whence K[xn, yn] ⊆ Z(A). Finally, since xn, yn are central elements of A, then K[xn, yn] = Z(A).
(ii) From the basic conditions of commutation xf = fx, yf = fy, the proof of this part is similar and it
is possible to find the desired polynomials f(x) and g(y).
Remark 2.3. 1. The precise description of polynomials f(x) and g(y) in the previous theorem it is
in general difficult. However, in some particular cases the computation is possible: If q1 is a root
of unity of degree n, q3 = 0 and q2 6= 0, then f(x) = xn, and if q3 6= 0 and q2 = 0, then g(y) = yn.
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2. Some known results can be obtained as particular cases of the previous theorem:
(a) If q1 = q4 = 1 and q2 = q3 = 0, then A is the Weyl algebra and Z(A) = K.
(b) If q2 = q3 = 0 then A is the q1-quantum Weyl algebra; if q1 is a primitive n−th roof of unity
for some n ≥ 2, then Z(A) = K[xn, yn]. In [12], section 2, it is proved that A is free over Z(A)
of rank n2, with basis B = {xiyj | 0 ≤ i, j ≤ n− 1}.
(c) If L is a two-dimensional solvable algebra generated by x, y, with [x, y] = x, then for its
universal enveloping algebra we get Z(U(L)) = K. This particular case was considered in [23].
Now we pass to study the center of extensions with n ≥ 3 variables. Related to Example 1.10 (f), we
have the following easy result.
Lemma 2.4 (n−multiparametric quantum space). For qij = lijkij ∈ K − {0}, (lij , kij) = 1, 1 ≤ i, j ≤ n
(qii = 1), let A be the K-algebra defined as the quasi-commutative skew PBW extension given by xjxi =
qijxixj , for all 1 ≤ i < j ≤ n. If qij is not a root of unity and (lij , lrs) = (kij , krs) = (lij , krs) = 1 for
i, j, r, s ∈ {1, 2, . . . , n}, then Z(A) = K.
Proof. In this case we have the rule:
xlkk x
lj
j x
li
i = (q
lilj
ij q
lilk
ik q
lj lk
jk )x
li
i x
lj
j x
lk
k .
Let f =
∑l
i=0 cix
αi1
1 . . . x
αin
n ∈ Z(A), with αij ≥ 0 and ci ∈ K−{0}, for i = 0, 1, . . . , l, and j = 1, 2, . . . , n.
Since x1f = fx1, . . . , xnf = fxn, then
l∑
i=0
cix
αi1+1
1 . . . x
αin
n =
l∑
i=0
ciq
αin
1n . . . q
αi2
12 x
αi1+1
1 . . . x
αin
n
... =
...
l∑
i=0
ciq
αi(n−1)
n−1,n . . . q
αi1
1n x
αi1
1 . . . x
αin
n =
l∑
i=0
cix
αi1
1 . . . x
αin+1
n .
From this we get that ci = ciq
αin
1n . . . q
αi2
12 , · · · , ci = ciqαi11n · · · q
αi(n−1)
n−1,n , so 1 = q
αin
1n . . . q
αi2
12 ,. . . , 1 =
qαin1n . . . q
αi2
12 for i = 0, 1, 2, . . . , l. Since qij is not a root of unity and by hypothesis, then necessarily
αij = 0 for i = 0, 1, . . . , l, and j = 1, . . . , n. Thus, f = c0 ∈ K. Therefore, Z(A) ⊆ K ⊆ Z(A).
Theorem 2.5. Let A = σ(K)〈x1, . . . , xn〉 be a skew PBW extensions of K defined by
xjxi = qijxixj + a
(1)
ij x1 + · · ·+ a(n)ij xn + dij ,
with 1 ≤ i < j ≤ n, and qij = lijkij , (lij , lrs) = (kij , krs) = (lij , krs) = 1 for i, j, r, s ∈ {1, 2, . . . , n}. If qij
is not a root of unity, then Z(A) = K.
Proof. According to Theorem 1.6, Gr(A) is a quasi-commutative skew PBW extension with relations
xjxi = qijxixj , 1 ≤ i < j ≤ n (since A is a K-algebra, σi = iR and δi = 0, see Remark 1.7). Then, by
the previous lemma, K = Z(Gr(A)) ⊇ Gr(Z(A)). Thus Gr(Z(A)) = K and therefore Z(A) = K.
The following theorem allows us to give a wide list of algebras which center probably has not been
computed before.
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Theorem 2.6. Let A = σ(K[x1, . . . , xn])〈y1, . . . , yn〉 be the skew PBW extension defined by
yiyj = yjyi 1 ≤ i < j ≤ n, (2.2)
yjxi = xiyj i 6= j, (2.3)
yixi = qixiyi + diyi + ai, 1 ≤ i ≤ n. (2.4)
Then,
1. Z(A) = K in any of the following cases:
(a) For 1 ≤ i ≤ n, qi is not a root of unity.
(b) If for some i, qi = 1, then di 6= 0 or ai 6= 0.
2. If for every 1 ≤ i ≤ n, qi is a primitive li−th root of unity of degree li ≥ 2, then the elements ylii
are central and K ( Z(A).
Proof. Step 1. For k = 1, . . . , n, in A the following relations hold for every m ≥ 1:
ykx
m
k =
∑m
j=0
(
m
j
)
qm−jk d
j
kx
m−j
k yk + ak
(∑m−1
i=0 q
i
k
)
xm−1k + · · ·+ dj−1k ak
(∑m−j
i=0
(
i+j−1
j−1
)
qik
)
xm−jk ,
ymk xk = q
m
k xky
m
k + dk
(∑m−1
i=0 q
i
k
)
ymk + ak
(∑m−1
i=0 q
i
k
)
ym−1k .
Hence, the elements ylkk are central, assuming that qk is a lk−th root of unity.
We verify the first equality by induction. The proof of the second identity is similar. The case m = 1
is (2.4). Then we assume it is valid for m. So,
ykx
m+1
k =(ykx
m
k )xk
=(
m∑
j=0
(
m
j
)
qm−jk d
j
kx
m−j
k yk + ak
(
m−1∑
i=0
qik
)
xm−1k + · · ·+ dj−1k ak
(
m−j∑
i=0
(
i+ j − 1
j − 1
)
qik
)
xm−jk )x
=
m∑
j=0
(
m
j
)
qm−jk d
j
kx
m−j
k (qkxkyk + dkyk + ak) + ak
(
m−1∑
i=0
qik
)
xmk + · · ·+
dj−1k ak
(
m−j∑
i=0
(
i+ j − 1
j − 1
)
qik
)
xm+1−jk .
=
m∑
j=0
(
m
j
)
qm+1−jk d
j
kx
m+1−j
k yk +
m∑
j=0
(
m
j
)
qm−jk d
j+1
k x
m−j
k yk + ak
m∑
j=0
(
m
j
)
qm−jk d
j
kx
m−j
k yk+
ak
(
m−1∑
i=0
qik
)
xmk + · · ·+ dj−1k ak
(
m−j∑
i=0
(
i+ j − 1
j − 1
)
qik
)
xm+1−jk .
=
m+1∑
j=0
(
m+ 1
j
)
qm+1−jk d
j
kx
m+1−j
k yk + ak
(
m∑
i=0
qik
)
xmk + · · ·+
dj−1k ak
(
m+1−j∑
i=0
(
i+ j − 1
j − 1
)
qik
)
xm+1−jk .
=ykx
m+1
k .
10
Step 2. Let f =
∑t
i=1 Pi(X)y
αi1
1 · · · yαinn ∈ Z(A), with αij ≥ 1 and Pi(X) ∈ K[x1, . . . , xn] − {0} for
i = 1, . . . , t and j = 1, 2, . . . , n. Since x1f = fx1, then
t∑
i=1
Pi(X)x1y
αi1
1 · · · yαinn =
t∑
i=1
Pi(X)y
αi1
1 · · · yαinn x1
=
t∑
i=1
Pi(X)y
αi1
1 x1 · · · yαinn
=
t∑
i=1
Pi(X)(q
αi1
1 x1y
αi1
1 + d1
(
αi1−1∑
i=0
qi1
)
yαi11 +
a1
(
αi1−1∑
i=0
qi1
)
yαi1−11 )y
αi2
2 . . . y
αin
n
=
t∑
i=1
qαi11 Pi(X)x1y
αi1
1 · · · yαinn +
t∑
i=1
Pi(X)(d1
(
αi1−1∑
i=0
qi1
)
yαi11
+ a1
(
αi1−1∑
i=0
qi1
)
yαi1−11 )y
αi2
2 . . . y
αin
n .
Since x1f − fx1 = 0 and A is a left K[x1, . . . , xn]−free module with canonical basis {yαi11 yαi22 . . . yαinn |
(αi1, . . . , αin) ∈ Nn}, then Pi(X) = qαi11 Pi(X), and
∑t
i=1 d1Pi(X)
(∑αi1−1
i=0 q
i
1
)
yαi11 y
αi2
2 . . . y
αin
n +∑t
i=1 a1
(∑αi1−1
i=0 q
i
1
)
yαi1−11 y
αi2
2 . . . y
αin
n = 0. Thus, if q1 is not root of unity, then the first equality im-
plies that αi1 = 0 for 1 ≤ i ≤ t. If q1 = 1, then we compare the leader monomial of∑t
i=1 d1Pi(X)
(∑αi1−1
i=0 q
i
1
)
yαi11 y
αi2
2 . . . y
αin
n if d1 6= 0, or
∑t
i=1 a1
(∑αi1−1
i=0 q
i
1
)
yαi1−11 y
αi2
2 . . . y
αin
n other-
wise. Since A is a domain and char(K) = 0, then necessarily αi1 = 0 for 1 ≤ i ≤ t, i.e., f does
not have powers of y1. Repeating this procedure with x2, . . . , xn we conclude that f = P (X) =∑r
i=1 kix
βi1
1 . . . x
βin
n ∈ K[x1, . . . , xn]− {0}, but y1f = fy1, so
r∑
i=1
kix
βi1
1 . . . x
βin
n y1 =y1
r∑
i=1
kix
βi1
1 . . . x
βin
n
=
r∑
i=1
ki(
βi1∑
j=0
(
βi1
j
)
qβi1−j1 d
j
1x
βi1−j
1 y1 + a1

βi1−1∑
j=0
qj1

xβi1−11 + · · ·+ dj−11 a1
(
βi1−j∑
l=0
(
l+ j − 1
j − 1
)
ql1
)
xβi1−l1 )x
βi2
2 · · ·xβinn ;
then comparing terms, ki = kiq
βi1
1 implies βi1 = 0 if q1 is not root of unity. If q1 = 1 and d1 6= 0 then
ki
(
βi1
j
)
qβi1−j1 d
j
1 = 0, or a1
∑βi1−1
j=0 q
i
1 = 0 if d1 = 0; in any case, it is only possible if βi1 = 0 , 1 ≤ i ≤ r, i.e.,
f =
∑r
i=1 k1x
βi2
2 · · ·xβinn . Performing the same procedure with y2, . . . , yn, we conclude that f = k ∈ K.
Therefore K ⊆ Z(A) ⊆ K.
In the case when each qi is a root of unity of degree li, then q
li
i = 1 and
∑li−1
j=0 q
j
i = 0. Thus the relation
ylii xi = q
li
i xiy
li
i + di
(∑li−1
j=0 q
j
i
)
ylii + ai
(∑li−1
j=0 q
j
i
)
yli−1i = xiy
li
i , and since yiyj = yjyi, yixj = xjyi, then
for 1 ≤ i ≤ n, ylii is a central element of A. Therefore, K ( Z(A).
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Remark 2.7. In (2.4), if dk = 0, then ykx
m
k = q
m
k x
m
k yk + ak
(∑m−1
i=0 q
i
k
)
xm−1k , and if qi is a root of
unity of degree li for 1 ≤ i ≤ n, then xlii are central elements. Thus, Z(A) = K[xl11 , . . . , xlnn , yl11 , . . . , ylnn ].
Finally, if some qi is not a root of unity, then we exclude the variables xi, yi from the previous center.
Examples 2.8. According to Theorem 2.6, the following algebras have trivial center:
1. Operator algebras. Some important well-known operator algebras can be described as skew PBW
extensions of K[t1, . . . , tn].
(a) Algebra of linear partial differential operators. The n-th Weyl algebra An(K) over K coin-
cides with the K-algebra of linear partial differential operators with polynomial coefficients
K[t1, . . . , tn]. The generators of An(K) satisfy the following relations titj = tjti, ∂i∂j = ∂j∂i,
1 ≤ i < j ≤ n, ∂jti = ti∂j + δij , 1 ≤ i, j ≤ n, where δij is the Kronecker symbol. Thus, qi = 1,
di = 0 and ai = 1 for 1 ≤ i ≤ n.
(b) Algebra of linear partial shift operators. The K-algebra of linear partial shift (recurrence)
operators with polynomial, respectively with rational coefficients, is K[t1, . . . , tn][E1, . . . , En],
respectively K(t1, . . . , tn)[E1, . . . , En], subject to the relations: tjti = titj , EjEi = EiEj for
1 ≤ i < j ≤ n, and Eiti = (ti + 1)Ei = tiEi + Ei, 1 ≤ i ≤ n, Ejti = tiEj , i 6= j. So qi = 1,
di = 1 and ai = 0 for 1 ≤ i ≤ n.
(c) Algebra of linear partial difference operators. The K-algebra of linear partial difference op-
ertors with polynomial, respectively with rational coefficients, is K[t1, . . . , tn][∆1, . . . ,∆n],
respectively K(t1, . . . , tn)[∆1, . . . ,∆n], subject to the relations:
tjti = titj , 1 ≤ i < j ≤ n, ∆iti = (ti + 1)∆i + 1 = ti∆i + ∆i + 1, 1 ≤ i ≤ n, ∆jti = ti∆j ,
i 6= j, ∆j∆i = ∆i∆j , 1 ≤ i < j ≤ n. Thus qi = 1, di = 1 and ai = 1 for 1 ≤ i ≤ n.
(d) Algebra of linear partial q-dilation operators. For a fixed q ∈ K − {0}, the K-algebra of linear
partial q-dilation operators with polynomial coefficients, respectively, with rational coefficients,
is K[t1, . . . , tn][H
(q)
1 , . . . , H
(q)
n ], respectively K(t1, . . . , tn)[H
(q)
1 , . . . , H
(q)
n ], subject to the rela-
tions: tjti = titj , 1 ≤ i < j ≤ n, H(q)i ti = qtiH(q)i , 1 ≤ i ≤ n, H(q)j ti = tiH(q)j , i 6= j,
H
(q)
j H
(q)
i = H
(q)
i H
(q)
j , 1 ≤ i < j ≤ n. Thus qi = q, di = 0 and ai = 0 for 1 ≤ i ≤ n.
(e) Algebra of linear partial q-differential operators. For a fixed q ∈ K − {0}, the K-algebra of
linear partial q-differential operators with polynomial coefficients, respectively with rational
coefficients is K[t1, . . . , tn][D
(q)
1 , . . . , D
(q)
n ], respectively the ring K(t1, . . . , tn)[D
(q)
1 , . . . , D
(q)
n ],
subject to the relations: tjti = titj , 1 ≤ i < j ≤ n, D(q)i ti = qtiD(q)i + 1, 1 ≤ i ≤ n,
D
(q)
j ti = tiD
(q)
j , i 6= j, D(q)j D(q)i = D(q)i D(q)j , 1 ≤ i < j ≤ n. So qi = q, di = 0 and ai = 1 for
1 ≤ i ≤ n.
2. The algebra D for multidimensional discrete linear systems. This algebra is a quasi-commutative
bijective skew PBW extension of K[t1, . . . , tn], D = σ(K[t1, . . . , tn])〈x1, . . . , xn〉. In fact, by
definition, D is the iterated skew polynomial ring D := K[t1, . . . , tn][x1;σ1] · · · [xn;σn], where
σi(p(t1, . . . , tn)) := p(t1, . . . , ti−1, ti + 1, ti+1, . . . , tn), σi(xi) = xi, 1 ≤ i ≤ n. Thus, qi = 1,
di = 1 and ai = 0 for 1 ≤ i ≤ n.
3. Additive analogue of the Weyl algebra. The K-algebra An(q1, . . . , qn) is generated by x1, . . . , xn,
y1, . . . , yn subject to the relations: xjxi = xixj , yjyi = yiyj , 1 ≤ i, j ≤ n, yixj = xjyi, i 6= j,
yixi = qixiyi + 1, 1 ≤ i ≤ n, where qi ∈ K − {0}. From these relations we have An(q1, . . . , qn) ∼=
σ(K)〈x1, . . . , xn; y1, . . . , yn〉 ∼= σ(K[x1, . . . , xn])〈y1, . . . , yn〉. So qi 6= 0, di = 0 and ai = 1 for
1 ≤ i ≤ n.
4. The Weyl algebra An(K) (Example 1.8 (b)), qi = 1, di = 0 and ai = 1 for 1 ≤ i ≤ n.
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5. The algebra of q−differential operators Dq,h[x, y] (Example 1.9(a)), q1 = q, di = 0 and a1 = h.
6. The algebra of shift operators Sh (Example 1.9(b)), q1 = 1, d1 = −h and ai = 0 .
Examples 2.9. We have computed the center of the following algebras (our computations of course are
agree with Theorem 2.6, where the parameters qi are roots of unity of degree li):
1. The algebra of q−differential operators Dq,h[x, y], q1 = q, di = 0 and a1 = h, Z(A) = K[xl, yl].
2. Additive analogue of the Weyl algebra, qi 6= 0, di = 0 and ai = 1 for 1 ≤ i ≤ n, Z(A) =
K[xl11 , . . . , x
ln
n , y
l1
1 , . . . , y
ln
n ].
3. Algebra of linear partial q−dilation operators, qi = q, di = 0 and ai = 0 for 1 ≤ i ≤ n, Z(A) =
K[tl1, . . . , t
l
n, H
l
1, . . . , H
l
n], l =degree(q).
4. Algebra of linear partial q−differential operators, qi = q, di = 0 and ai = 1 for 1 ≤ i ≤ n.
Z(A) = K[tl1, . . . , t
l
n, D
l
1, . . . , D
l
n], l =degree(q).
3 Central subalgebras of other remarkable quantum algebras
In this section we consider other noncommutative algebras of quantum type that can be interpreted as
skew PBW extensions, and for them, we compute either the center or some central key subalgebras.
These algebras are not covered by Thereom 2.6. The proofs of the next theorems are based in some
lemmas which proofs we avoid since they can be realized by direct computations.
3.1 Woronowicz algebra Wν(sl(2, K))
This algebra was introduced by Woronowicz in [30] and it is generated by x, y, z subject to the relations
xz − q4zx = (1 + q2)x, xy − q2yx = qz, zy − q4yz = (1 + q2)y,
where q ∈ K − {0} is not a root of unity. Then Wq(sl(2,K)) ∼= σ(K )〈x, y, z〉.
Lemma 3.1. Let m ≥ 1, then in Wq(sl(2,K)) the following identities hold:
1. ymx = 1q2m xy
m − (
∑m−1
i=0 q
2i)
q y
m−1z − (
∑m−1
i=1 iq
2(i−1)+
∑2m−2
i=m ((2m−1−i)q
2(i−1))
q2m−1 y
m−1.
2. yxm = 1q2m x
my − (
∑m−1
i=0 q
2i)
q4m−3 x
m−1z +
(
∑m−1
i=1 iq
2(i−1)+
∑2m−2
i=m (2m−1−i)q
2(i−1))
q4m−3 x
m−1.
3. zmx =
∑m
i=0(−1)
i(mi )(q
2+1)ixzm−i
q4m .
4. zxm = 1q4mx
mz + 1q4m
(∑2m−1
i=0 q
2i
)
xm.
5. zmy = y(q4z + (q2 + 1))m.
6. zym = q4mymz +
∑2m−1
i=0 q
2iym.
Theorem 3.2. The Woronowicz algebra has trivial center, Z(Wq(sl(2,K))) = K.
Proof. Let f(x, y, z) =
∑n
i=0 Cix
αi1yαi2zαi3 ∈ Z(Wq(sl(2,K))), with αij ∈ N, j = 1, 2, 3. Since zf = fz,
then
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n∑
i=0
Cix
αi1y
αi2z
αi3+1 = z
n∑
i=0
Cix
αi1y
αi2z
αi3 (3.1)
=
n∑
i=0
Ci
(
1
q4αi1
x
αi1zy
αi2z
αi3
)
+
Ci
q4αi1
(
2αi1−1∑
j=0
q
2j
)
x
αi1y
αi2z
αi3 (3.2)
=
n∑
i=0
Ci
q4αi1
[(
x
αi1
(
q
4αi2y
αi2z +
2αi2−1∑
j=0
q
2j
y
αi2
)
z
αi3
)
+
(
2αi1−1∑
j=0
q
2j
)
x
αi1y
αi2z
αi3
]
(3.3)
=
n∑
i=0
Ci
q4αi2
q4αi1
x
αi1y
αi2z
αi3+1 +
Ci
q4αi1
(
2αi2−1∑
j=0
q
2j +
2αi1−1∑
j=0
q
2j
)
x
αi1y
αi2z
αi3 . (3.4)
Equations (3.2) and (3.3) are the relations 4 and 6 in the previous lemma, respectively. From this, Ci = Ci
q4αi2
q4αi1
and Ci
q4αi1
(∑2αi2−1
j=0 q
2j +
∑2αi1−1
j=0 q
2j
)
= 0, so 1 = q
4αi2
q4αi1
= 0, whence αi1 = αi2, and since char(K) = 0,
Ci = 0, or,
∑2αi1−1
j=0 q
2j = 0, but q is not a root of unity, then
∑2αi1−1
i=0 q
2j 6= 0, thus Ci = 0 for αi1, αi2 > 0,
i.e., f =
∑n
i=0 Ciz
αi3 . But yf = fy, so
∑n
i=0 Ciyz
αi3 =
∑n
i=0 Ciz
αi3y =
∑n
i=0 Ciy(q
4z + (q2 + 1))αi3 , then
Ci = Ciq
4αi3 and
∑αi3
j=1
(
αi3
j
)
q4(αi3−j)(q2 + 1)j = 0, whence q4αi3 = 1, thus αi3 = 0 and therefore f = C0 ∈ K.
Finally, Z(Wq(sl(2, K))) ⊆ K ⊆ Z(Wq(sl(2,K))).
3.2 The algebra U
Let U be the algebra generated over the field K = C by the set of variables xi, yi, zi, 1 ≤ i ≤ n, subject
to relations:
xjxi = xixj , yjyi = yiyj , zjzi = zizj, 1 ≤ i, j ≤ n,
yjxi = q
δijxiyj , zjxi = q
−δijxizj , 1 ≤ i, j ≤ n,
zjyi = yizj, i 6= j, ziyi = q2yizi − q2x2i , 1 ≤ i ≤ n,
where q ∈ C − {0}. Note that U is a bijective skew PBW extension of C[x1, . . . , xn], that is, U ∼=
σ(C[x1, . . . , xn])〈y1, . . . , yn; z1, . . . , zn〉.
Lemma 3.3. For m ≥ 1 and i = 1, . . . , n, in U the following relations hold:
1. ziy
m
i = q
2mymi zi −mq2x2i ym−1i ,
2. zmi yi = q
2myiz
m
i −mq2mx2i zm−1i ,
3. ymi xi = q
mxiy
m
i ,
4. zmi xi = q
−mxiz
m
i .
Theorem 3.4. If q is not a root of unity, then the algebra U has a trivial center K. If q is a root of
unity of degree l ≥ 2, xl1, . . . , xln are central elements in U and K[xl1, . . . , xln] ⊆ Z(U).
Proof. Let f =
∑t
i=1 rix
γi1
1 · · ·xγinn yαi11 · · · yαinn zβi11 · · · zβinn ∈ Z(U), γij , αij , βij ≥ 0, j = 1, . . . , n. Then
x1f = fx1, and hence∑t
i=1 rix
γi1+1
1 · · ·xγinn yαi11 · · · yαinn zβi11 · · · zβinn =
∑t
i=1 riq
αi1−βi1xγi1+11 · · ·xγinn yαi11 · · · yαinn zβi11 · · · zβinn .
Thus, 1−qαi1−βi1 = 0, so αi1 = βi1. Repeating this for x2, . . . , xn we conclude that αij = βij , j = 1, . . . , n.
Therefore, f =
∑t
i=1 rix
γi1
1 · · ·xγinn yαi11 · · · yαinn · · · zαinn . But fz1 = z1f , then
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∑t
i=1 rix
γi1
1 · · ·xγinn yαi11 · · · yαinn zαi1+11 · · · zαinn =
∑t
i=1 riq
2αi1−γi1xγi11 · · ·xγinn yαi11 · · ·
yαinn z
αi1+1
1 · · · zαinn +
∑t
i=1 αi1riq
2αi1−γi1+2xγi1+21 · · ·xγinn yαi1−11 · · · yαinn zαi11 · · · zαinn ,
so necessarily 1 − q2αi1−γi1 = 0 and αi1riq2αi1−γi1+2 = 0, whence 2αi1 = γi1 and αi1 = 0 = γi1, so f =∑t
i=1 rix
γi2
2 · · ·xγinn yαi22 · · · yαinn zαi22 · · · zαinn ; repeating this for z2, . . . , zn then we obtain that f = r ∈ K.
Therefore, K ⊆ Z(U) ⊆ K.
If ql = 1, then yjx
l
i = x
l
iyj, zjx
l
i = x
l
izj , and yix
l
i = q
lxliyi = x
l
iyi, zix
l
i = q
−lxlizi = x
l
izi, for 1 ≤ i ≤ n.
Thus, K[xl1, . . . , x
l
n] ⊆ Z(U).
3.3 Dispin Algebra U(osp(1, 2))
It is generated by x, y, z over K satisfying the relations:
yx = xy − x, zx = −xz + y, zy = yz − z.
Then, U(osp(1, 2)) is a skew PBW extension of K, U(osp(1, 2)) ∼= σ(K)〈x, y, z〉. Using the defining
relation of the algebra U(osp(1, 2)) we get the following preliminary result.
Lemma 3.5. For n,m ≥ 1,
1. yxn = xny − nxn.
2. ynx = x(y − 1)n.
3. ynxm = xm(y −m)n.
4. znx = (−1)nxzn − n2 zn−1 +
(
1+(−1)n+1
2
)
yzn−1
4.1 If n = 2l, z2lx = xz2l − lz2l−1.
4.2 If n = 2l+ 1, z2l+1x = −xz2l+1 + yz2l − nz2l.
5. zyn = (y − 1)nz.
6. zny = (y − n)zn.
7. znym = (y − n)mzn.
Theorem 3.6. The element f = 4x2z2−y2−2xz−y is central in U(osp(1, 2)) andK[f ] ⊆ Z(U(osp(1, 2))).
Proof. Since fx = 4x2z2x − y2x − 2xzx − yx = 4x2(xz2 − z) − x(y − 1)2 − 2x(−xz + y) − (xy − x) =
4x3z2− 4x2z−xy2+2xy−x+2x2z− 2xy−xy+x = 4x3z2−xy2− 2x2z−xy = xf . yf = 4yx2z2− y3−
2yxz − y2 = 4(x2y − 2x2)z2 − y3 − 2(xy − x)z − y2 = 4x2yz2 − 8x2z2 − y3 − 2xyz − 2xz − y2. Whereas
fy = 4x2z2y−y3−2xzy−y2 = 4x2(yz2−2z2)−y3−2x(yz−z)−y2 = 4x2yz2−8x2z2−y3−2xyz−2xz−y2.
Thus, yf = fy. zf = 4zx2z2−zy2−2zxz−zy = 4(x2z−x)z2−(y2z−2yz+z)−2(−xz+y)z−(yz−z) =
4x2z3 − 4xz2 − y2z + 2yz − z + 2xz2 − 2yz − yz + z = 4x2z3 − y2z − 2xz2 − yz = fz. Therefore,
f ∈ Z(U(osp(1, 2))).
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3.4 q−Heisenberg algebra Hn(q)
This algebra is generated by 3n variables, x1, . . . , xn, y1, . . . , yn, z1, . . . , zn with relations:
xjxi =xixj , yjyi =yiyj , zjzi =zizj, i 6=j.
yjxi =xiyj , ziyj =yjzi, zjxi =xizj 1 ≤i < j ≤ n,
yixi =qxiyi, ziyi =qyizi, zixi =q
−1xizi + yi,
with q ∈ K − {0}. Note that
Hn(q) ∼= σ(K)〈x1, . . . , xn; y1, . . . , yn; z1, . . . , zn〉 ∼= σ(K[y1, . . . , yn])〈x1, . . . , xn; z1, . . . , zn〉.
Theorem 3.7. Let Ci = (q
2 − 1)xiyizi − y2i , for i = i, . . . , n. Then
1. If q is not a root of unity, then the elements Ci are central, 1 ≤ i ≤ n, and K[Ci]1≤i≤n ⊆ Z(Hn(q)).
2. If q is a root of unity of degree l, the following elements are central, Ci, x
l
i, y
l
i, z
l
i, i = 1, . . . , n, and
K[Ci, x
l
i, y
l
i, z
l
i]1≤i≤n ⊆ Z(Hn(q)).
Proof. It is clear that xjCi = Cixj , yjCi = Ciyj , zjCi = Cizj , for i 6= j. Cixi = (q2−1)xiyizixi−y2i xi =
(q2−1)xiyi(q−1x1zi+yi)−yiqxiyi = q−1(q2−1)xi(qxiyi)zi+(q2−1)xiy2i −q2xiy2i = (q2−1)x2i yizi−xiy2i =
xiCi. ziCi = (q
2− 1)zixiyizi− ziy2i = (q2− 1)(q−1xizi+ yi)yizi− q2y2i zi = (q2− 1)q−1xi(qyizi)zi+(q2−
1)y2i zi − q2yizi = (q2 − 1)xiyiz2i − y2i zi = Cizi, and yiCi = (q2 − 1)yixiyizi − y3i = (q2 − 1)qxiy2i zi − y3i ,
whereas Ciyi = (q
2 − 1)xiyiziyi − y3i = (q2 − 1)qxiy2i zi − y3i , so yiCi = Ciyi, and therefore, Ci, 1 ≤ i ≤ n
are central elements in Hn(q).
3.5 The coordinate algebra of the quantum matrix space, Mq(2).
This is the K−algebra generated by the variables x, y, u, v satisfying the relations:
xu = qux, yu = q−1uy, vu = uv, (3.5)
and
xv = qvx, vy = qyv, yx− xy = −(q − q−1)uv, (3.6)
with q ∈ K − {0}. Thus, O(Mq(2)) ∼= σ(K[u])〈x, y, v〉. Due to the last relation in (3.6), we remark that
it is not possible to consider O(Mq(2)) as a skew PBW extension of K. This algebra can be generalized
to n variables, Oq(Mn(K)), and coincides with the coordinate algebra of the quantum group SLq(2), see
[9] for more details.
Lemma 3.8. In O(Mq(2)) the following relations hold:
1. yxl = xly − (q − q−1)(q2(l−1) + q2(l−2) + · · · + q2 + 1)uvxl−1. In particular, if q is a root of unity
of degree l ≥ 3, then q2(l−1) + q2(l−2) + · · ·+ q2 + 1 = 0 and yxl = xly.
2. ylx = xyl − (q − q−1)(1 + q−2 + · · ·+ q−2(l−2) + q−2(l−1))uvyl−1. Where 1 + q−2 + · · ·+ q−2(l−2) +
q−2(l−1) = 0 if q is a root of unity of degree l.
With the previous relations it is possible proof the following theorem.
Theorem 3.9. Let A =Mq(2), then
1. K[xy − quv] ⊆ Z(A) if q is not a root of unity.
2. xl, yl, xy − quv, uivj , with i + j = l, are central elements if q is a root of unity of degree l, and
K[xl, yl, xy − quv, uivj ] ⊆ Z(A).
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Proof. Let f = xy − quv, then fu = (xy − quv)u = xyu − quvu = xq−1uy − qu2v = q−1quxy − qu2v =
uxy − qu2v = uf . vf = v(xy − quv) = vxy − qvuv = vxy − quv2, and fv = (xy − quv)v = xyv −
quv2 = xq−1vy − quv2 = q−1qvxy − quv2 = vxy − quv2, so vf = fv. Also, xf = x2y − qxuv =
x2y − q(qux)v = x2y − q3uvx, fx = xyx − quvx = x(xy − (q − q−1)uv)− quvx = x2y − (q − q−1)xuv −
quvx = x2y − (q − q−1)q2uvx = x2y − q3uvx + quvx − quvx = x2y − q3uvx = xf ; fy = xy2 − quvy,
yf = yxy − qyuv = xy2 − (q − q−1)uvy − q−1uvy = xy2 − quvy + q−1uvy − q−1uvy = xy2 − quvy = fy.
For the second part it is clear from the previous relations that yxl = xly and ylx = xyl if q is a root of unity
of degree l. Also, ylu = q−luyl = uyl, ylv = q−lvyl = vyl and xlu = qluxl = uxl, xlv = qlvxl = vxl, thus
xl, yl are central elements in A. For uivj with i+ j = l we have, xuivj = qiuixvj = qiqjuivjx = uivjx,
yuivj = q−iuiyvj = q−iq−juivjy = uivjy, so uivj are central for i+ j = l.
3.6 Quadratic algebras in 3 variables
For quadratic algebras in 3 variables the relations are homogeneous of degree 2. More exactly, a quadratic
algebra in 3 variables A is a K-algebra generated by x, y, z subject to the relations
yx = xy + a1xz + a2y
2 + a3yz + ξ1z
2,
zx = xz + ξ2y
2 + a5yz + a6z
2,
zy = yz + a4z
2.
If a1 = a4 = 0 we obtain the relations
yx = xy + a2y
2 + a3yz + ξ1z
2,
zx = xz + ξ2y
2 + a5yz + a6z
2,
zy = yz.
One can check that A1 ∼= σ(K[y, z])〈x〉. If a3 = a5 = 0, which implies a2 = a6 = 0, and thus, there is a
family of algebras with relations
yx = xy + a1xz + ξ1z
2,
zx = xz,
zy = yz + a4z
2.
These algebras are skew PBW extensions of the form A2 ∼= σ(K[x, z])〈y〉. If a1 = a3 = ξ1 = 0, then
a4 = a5 = a6 = 0 and thus there is a family of algebras with relations
yx = xy + a2y
2,
zx = xz + ξ2y
2,
zy = yz.
These algebras are skew PBW extensions of the form A3 ∼= σ(K[x, y])〈z〉.
Lemma 3.10. Assume that in the previous algebra A2, a1 = a, ξ1 = b and a4 = c. Then for m ≥ 1
1. yxm = xmy +maxmz +mbxm−1z2.
2. zym =
∑m
i=0
m!
(m− i)!c
iym−iz1+i.
3. zmy = yzm +mczm+1.
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Theorem 3.11. The quadratic algebra A2 generated by x, y, z with relations yx = xy + axz + bz2,
zx = xz, zy = yz + cz2, a, b, c ∈ K − {0} and ac < 0 has trivial center.
Proof. Let f(x, y, z) =
∑n
i=0 Cix
αi1yαi2zαi3 ∈ Z(A2), with αij ∈ N, j = 1, 2, 3. Since zf = fz,
then
∑n
i=0 Cix
αi1yαi2zαi3+1 =
∑n
i=0 Cix
αi1yαi2zαi3+1 +
∑n
i=0 Ci
∑αi2
j=1
(αi2)!
(αi2−j)!
cjxαi1yαi2−jzαi3+1−j , so∑n
i=0 Ci
∑αi2
j=1
(αi2)!
(αi2−j)!
cjxαi1yαi2−jzαi3+1−j = 0, but char(K) = 0, then Ci = 0 for αi2 6= 0, i.e.
f =
∑n
i=0 Cix
αi1zαi3 . Also, yf = fy, this is
∑n
i=0 Cix
αi1yzαi3+Ciαi1ax
αi1zαi3+1+Ciαi1bx
αi1−1zαi3+2 =∑n
i=0 Cix
α
i1yz
αi3 + Ciαi3cx
αi1zαi3+1. Thus, Ci(αi1a − αi3c)xαi1zαi3+1 + Ciαi1bxαi1−1zαi3+2 = 0 for
i = 0, 1, . . . , n. Since αi1a−αi3c ≤ 0 or αi1a−αi3c ≥ 0, then αi1 = 0, αi3 = 0 and f = c0 ∈ K, therefore
K ⊆ Z(A2) ⊆ K.
For A3 it is not difficult to prove the following result.
Theorem 3.12. The element ξ2y − a2z is central in the quadratic algebra A3.
3.7 Witten’s deformation of U(sl(2, K)
Witten introduced and studied a 7-parameter deformation of the universal enveloping algebra U(sl(2,K))
depending on a 7-tuple of parameters ξ = (ξ1, . . . , ξ7) and subject to relations
xz − ξ1zx = ξ2x, zy − ξ3yz = ξ4y, yx− ξ5xy = ξ6z2 + ξ7z.
The resulting algebra is denoted by W (ξ). In [19] it is assumed that ξ1ξ3ξ5 6= 0. Note that W (ξ) ∼=
σ(σ(K[x])〈z〉)〈y〉. The computation of the center of this algebra is in general a difficult task; however,
in the particular case of the conformal algebra considered in [19], the center is trivial. This particular
algebra is generated by x, y, z subject to relations
yx =cxy + bz2 + z
zx =
1
a
xz − 1
a
x
zy =ayz + y
with a, b, c ∈ K − {0}.
Theorem 3.13. The conformal algebra has trivial center.
Proof. Note that Z(Gr(sl(2,K))) = K, but Gr(Z(sl(2,K))) ⊆ Z(Gr(sl(2,K))), so Z(sl(2,K)) = K.
3.8 Algebra D of diffusion type
In [17] were introduced the diffusion algebras ; following this notion we define for n ≥ 2 the algebra D
which is generated by {Di, xi | 1 ≤ i ≤ n} over K with relations:
xixj = xjxi, xiDj = Djxi, 1 ≤ i, j ≤ n;
ci,jDiDj − cj,iDjDi = xjDi − xiDj , i < j,
ci,j , cj,i ∈ K∗. Observe that A ∼= σ(K[x1, . . . , xn])〈D1, . . . , Dn〉 is a bijective skew PBW extension of
K[x1, . . . , xn], and of course we obtain the following trivial result.
Theorem 3.14. K[x1, . . . , xn] ⊆ Z(D).
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4 Summary and applications
4.1 Tables
In this subsection we summarize in tables the description of the center of some remarkable examples of
skew PBW extensions studied in the previous sections. Recall that K is a field with char(K) = 0.
Algebra Z(A)
Weyl algebra An(K) K
Extended Weyl algebra Bn(K) K
Universal enveloping algebra of sl(2, K) K[4xy + z2 − 2z]
Universal enveloping algebra of So(3, K) K[x2 + y2 + z2]
Tensor product R⊗K U(G) Z(R) ⊗K Z(U(G))
Algebra of q-differential operators Dq,h [x, y] K
Algebra of shift operators Sh K
Mixed algebra Dh K
Discrete linear systems K[t1, . . . , tn][x1, σ1] · · · [xn; σn] K
Linear partial shift operators K[t1, . . . , tn][E1, . . . , En] K
L.P. Differential operators K[t1, . . . , tn][∂1, . . . , ∂n] K
L. P. Difference operators K[t1, . . . , tn][∆1, . . . ,∆n] K
L. P. q-dilation operators K[t1, . . . , tn][H
(q)
1 , . . . , H
(q)
m ] K
L. P. q-differential operators K[t1, . . . , tn][D
(q)
1
, . . . , D
(q)
m ] K
Additive analogue of the Weyl algebra An(q1, . . . , qn) K
Multiplicative analogue of the Weyl algebra On(λji) K
n−multiparametric quantum space K
Quantum algebra U′(so(3, K)) K[−q1/2(q2 − 1)I1I2I3 + q
2I21 + I
2
2 + q
2I23 ]
Woronowicz algebra Wν (sl(2, K)) K
Algebra U K
Quantum enveloping algebra of sl(2, K), Uq(sl(2, K)) K[(q
2 − 1)2EF + qKe + q
3Kf ]
Differential operators on a quantum space Sq, Dq(Sq) K
Particular Witten’s Deformation of U(sl(2, K) K
Quantum Weyl algebra of Maltsiniotis A
q,λ
n K
Multiparameter Weyl algebra A
Q,Γ
n (K) K
Quantum symplectic space Oq(sp(K
2n)) K
Jordan plane J K
Quantum plane K
Quadratic algebras in 3 variables, A2 K
Table 1: Center of some bijective skew PBW extensions which parameters q’s are not roots of unity.
Algebra Z(A)
Quantum plane K[xn, yn ]
Algebra of q-differential operators Dq,h [x, y] K[x
n, yn ]
L. P. q-dilation operators K[t1, . . . , tn][H
(q)
1
, . . . , H
(q)
m ] K[t
l
1, . . . , t
l
n,H
l
1, . . . , H
l
m ]
L. P. q-differential operators K[t1, . . . , tn][D
(q)
1
, . . . , D
(q)
m ] K[t
l
1, . . . , t
l
n,D
l
1, . . . , D
l
m ]
Additive analogue of the Weyl algebra An(q1 , . . . , qn) K[x
α1
1
, y
α1
1
, . . . , x
αn
n , y
αn
n ]
Multiplicative analogue of the Weyl algebra On(λji) K[x
L1
1 , . . . , x
Ln
n ]
n−multiparametric quantum space K[x
L1
1
, . . . , x
Ln
n ]
Quantum algebra U′(so(3, K)) K[−q1/2(q2 − 1)I1I2I3 + q
2I21 + I
2
2 + q
2I23 , C
(1)
n ,C
(2)
n , C
(3)
n ]
Quantum enveloping algebra of sl(2, K), Uq(sl(2, K)) K[(q
2 − 1)2EF + qKe + q
3Kf ,E
n, Fn,Kne ,K
n
f ]
Quantum symplectic space Oq(sp(K
2n)) K[xm1 , . . . , x
m
2n]
Table 2: Center of some bijective skew PBW extensions which parameters q’s are roots of unity.
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Algebra ⊆ Z(A)
Algebra D of diffusion type K[x1, · · · , xn]
Dispin algebra U(osp(1, 2)) K[4x2z2 − y2 − 2xz − y]
Algebra U (ql = 1) K[xl1, · · · , x
l
n]
Coordinate algebra of the quantum group SLq(2) K[xy − quv]
Coordinate algebra of the quantum group SLq(2), q
l = 1 K[xy − quv, xl, yl, uivj ], with i + j = l
q-Heisenberg algebra Hn(q) K[Ci], Ci = (q
2 − 1)xiyizi − y
2
i
q-Heisenberg algebra Hn(q), q
l = 1 K[xli, y
l
i, z
l
i, Ci]
Quadratic algebras in 3 variables, A3 K[ξ2y − a2z]
Table 3: Central subalgebras of some bijective skew PBW extensions.
4.2 Application to the Zariski cancellation problem
Now we apply some of the previous results to the Zariski cancellation problem. This is an open problem
of affine algebraic geometry that has recently been formulated and studied by Bell and Zhang ([8]) for
noncommutative algebras (see also [10], [11], [12], [13], [22]).
Definition 4.1. Let A be a K−algebra.
1. A is cancellative if A[t] ∼= B[t] for some K−algebra B implies that A ∼= B.
2. A is strongly cancellative if, for any d ≥ 1, the isomorphism A[t1, · · · , td] ∼= B[t1, · · · , td] for some
K−algebra B implies that A ∼= B.
3. A is universally cancellative if, for any finitely generated commutative K−algebra and a domain
R such that R/I = K for some ideal I ⊂ R and any K−algebra B, A ⊗ R ∼= B ⊗ R implies that
A ∼= B.
It is clear that universally cancellative implies strongly cancellative, and in turn, strongly cancellative
implies cancellative.
Proposition 4.2. Let K be a field and A be an algebra with Z(A) = K. Then A is universally cancella-
tive.
Proof. See [8], Proposition 1.3.
According to the conditions presented in the Table 1 and the previous proposition, we have the
following Corollary.
Corollary 4.3. The following skew PBW extensions are universally cancellative, and hence, cancellative:
1. Weyl algebra An(K).
2. Extended Weyl algebra Bn(K).
3. Algebra of q-differential operators Dq,h[x, y].
4. Algebra of shift operators Sh.
5. Mixed algebra Dh.
6. Discrete linear systems K[t1, . . . , tn][x1, σ1] · · · [xn;σn].
7. Linear partial shift operators K[t1, . . . , tn][E1, . . . , En] .
8. L.P. Differential operators K[t1, . . . , tn][∂1, . . . , ∂n].
9. L. P. Difference operators K[t1, . . . , tn][∆1, . . . ,∆n].
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10. L. P. q-dilation operators K[t1, . . . , tn][H
(q)
1 , . . . , H
(q)
n ].
11. L. P. q-differential operators K[t1, . . . , tn][D
(q)
1 , . . . , D
(q)
n ].
12. Additive analogue of the Weyl algebra An(q1, . . . , qn).
13. Multiplicative analogue of the Weyl algebraOn(λji).
14. n−multiparametric quantum space.
15. Woronowicz algebra Wν(sl(2,K)).
16. Algebra U.
17. Differential operators on a quantum space Sq. Dq(Sq).
18. Particular Witten’s Deformation of U(sl(2,K).
19. Quantum Weyl algebra of Maltsiniotis. Aq,λn .
20. Multiparameter Weyl algebra AQ,Γn (K).
21. Quantum symplectic space Oq(sp(K2n)).
22. Jordan plane J .
23. Quantum plane.
24. Quadratic algebras in 3 variables, A2.
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